arXiv: 1509.06495vl [math-ph] 22 Sep 2015 


A global Riemann-Hilbert problem for 
two-dimensional inverse scattering at fixed energy 

Evgeny L. Lakshtanov,* Roman G. Novikovj Boris R. Vainberg^ 


Abstract 

We develop the Riemann-Hilbert problem approach to inverse scattering for the 
two-dimensional Schrodinger equation at fixed energy. We obtain global or generic 
versions of the key results of this approach for the case of positive energy and com¬ 
pactly supported potentials. In particular, we do not assume that the potential 
is small or that Faddeev scattering solutions do not have singularities (i.e. we al¬ 
low the Faddeev exceptional points to exist). Applications of these results to the 
Novikov-Veselov equation are also considered. 

Key words: two-dimensional inverse scattering, Faddeev functions, generalized Riemann- 
Hilbert-Manakov problem, Novikov-Veselov equation. 


1 Introduction 

We consider the two-dimensional Schrodinger equation 

{—A + v)ijj{x) = Eijj{x),xe'R^, E > 0, (1.1) 


where 

u is a real-valued sufficiently regular function on with sufficient decay at infinity. 

( 1 . 2 ) 

Actually, in the present work the assumptions (1.2) are specified in the sense that u is a 
real-valued, bounded, compactly supported function on R^. 
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For equation fll.ip we consider the classical scattering solutions k), k & k‘^ = 

E, specified by the following assymptotics 




dM 


X 


'ip^{x, k) = + iTiV^e ^ _ =/ [ k,\k\^] + o 


\x\ 


\A^\, 


for some a priori unknown /. Function / = f{k, 1) on 

Me = {fc,/ e : e = f = E} 


, |a;| —)■ oo, (1.3) 


(1.4) 


arising in fll.3p is the classical scattering amplitude for equation fll.ip . 

In order to determine '0^ and / from v one can use the Lipmann-Schwinger integral 
equation (12.ip and the integral formula (12.21) in section 2; see e.g. [T9] . 

In this work we continue, in particular, studies on the following inverse scattering 
problem for equation fll.ip under assumptions fll.2p : 

Problem 1.1. Given scattering amplitude f on Me o,t fixed > 0, find the potential v 
on R^. 


When V is compactly supported, that is 

supp V G D, (1.5) 

where D is an open bounded domain in R^, we consider also the Dirichlet-to-Neumann 
map ^{E) for equation fll.ip in D. We recall that this map is defined via the relation 

= 4>(E) (1.6) 

dD 

fulfilled for all sufficiently regular solutions of fll.ip in H U dD, where u is the external 
normal vector to dD. Considering ^{E), we assume also that 

E is not a Dirichlet eigenvalue for the operator —A v m. D. (l-T) 

It is well known (see [18]) that, under assumptions f|1.2p . fll.5p . problem 11.11 is closely 
related with the following inverse boundary value problem for equation fll.ip in D\ 

Problem 1.2. Given ^{E) at fixed E > Q, find v. 

Problems 11.1111.21 have a long history and there are many important results on these 
problems; see i, la, iisi, Bii. ra and references therein in connection with problem 
II. H and [5], [18], [23], [25] in connection with problem 11.21 

The approach of the present work to problems 11.11 11.21 is based, in particular, on 
properties of the Faddeev exponentially increasing solutions for equation fll.ip . We recall 
that the Faddeev solutions 'fi{x, k), k G C^\R^, k^ = E, of equation fll.ip are specified by 

^jJ{x,k) = + o{l)), |a;| —)■ cxo; (1.8) 
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see e.g. [T8] . 

In order to determine 'ip from v one can use the Lipmann-Schwinger-Faddeev integral 
equation (12.10^ in section O 

In the present work, under assumptions (ll.2lh (11.51) . we reduce problems 11.1111.21 to 
some global generalized Riemann-Hilbert-Manakov problem for the classical scattering 
solutions and the Faddeev solutions ip for equation fll.ip : see problem 13.21 in section 
[3l A prototype of this global Riemann-Hilbert-Manakov problem for the case of equation 
fll.ip with < 0 was considered in section 8 of |19) . 

The term "global" means, in particular, that the kernels of our Riemann-Hilbert- 
Manakov problem have no singularities, even if there are the Faddeev exceptional points 
at fixed E. After that we reduce our Riemann-Hilbert problem to a Fredholm linear 
integral equation of the second type; see theorem 14.11 and proposition 14.11 in section |H 
As a result we obtain, in particular, a new generic reconstruction method for problems 
11.1111.21 see proposition 14.21 and remarks 14.1114.21 in section HI 

In particular, our reconstruction from the Faddeev generalized scattering data is re¬ 
duced to formulas fl3.9p . flS.lip . fl4.3p . fl4.4p . fl4.9p . (14.221) . fl4.23p . integral equations fl4.6p - 
dMl), and formulas (ICT . (ITO . (ITO . (ICT 

Note that the approach of the present work goes back to the soliton theory, see [1], 
[9], [l2], [IH], jin]. The first applications of this approach to problems fll.ip . (II.2p were 
given in HU, HU, |18) . |19) . Actually, the main result of the present work consists in a 
globalization of this approach to problems fll.ip . (11.2p . 

The reconstruction method of the present work uses properly generalized scattering 
data for small and large values of the complex spectral parameter at fixed energy and, 
therefore, is considerably more stable, generically, than the reconstruction method of |5j 
based exclusively on properties of some generalized scattering data for large values of 
complex spectral parameter. Generically, stability estimates of [22] obtained using ideas 
of |2], jS] can be improved using results of the present work to estimates like in [25], but 
without the assumptions that some norm of potential v is sufficiently small in comparison 
with fixed E. This issue will be presented in detail elsewhere. 

In addition, in contrasts with [3], results of the present work admit application to 
solving the Cauchy problem for the Novikov-Veselov equation m, m) 

dtv = 4:^{4:dlv + dz{vw) — Ed^w), (1.9) 

dzW = —3dzV, V = V, E > 0, 
v = v{x,t), w = a; = (xi, 0 : 2 ) G f G M, 


with compactly supported v{x,t = 0). Here, we used the following notations: 


d,= 




d,. = 


d 


d 


— i- 


2 \dxi 8x2 


ds = 


8 . 8 

+1- 


2 \8xi 8x2 


( 1 , 10 ) 


These applications are indicated in section |6] of the present work and will be presented in 
detail elsewhere. 
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2 Preliminary results of direct scattering 


2.1 Classical scattering functions 

We recall that for the classical scattering functions and / for equation fll.ip the 
following Lipmann-Schwinger integral equation (12.Ih and the integral formula (I2.2jl hold: 




lyeR^ 


G+(a; - y, ^/E)v{y)^p"^{y, k)dy, 


( 2 . 1 ) 


G+(x, /E) = 




f{k,l) = f e-«>'v{y)i,+(y,k)dy, (2.2) 

(2vr)^ V 

where x,k,l G k'^ = P = E > 0, is the Hankel function of the first type; see 
e.g. [I9]. In addition, it is known that equation fl2.ip is uniquely solvable with respect 
to 'ijj~^{-,k) G at fixed fc, under conditions fll.2l) and, in particular, under the 

conditions that 

V = v e supp V C D, (2.3) 


where D is an open bounded domain in see e.g. |1] for a proof of a similar result in 
three dimensions. 

Let 

§1 = {( G ; (2 _ r^}, r > 0, (2.4) 

Sij = {C G : C' = E}, E>0, (2.5) 

T,e,p = {C eT,E : I^CI > p}, ^ > 0 , P > 0 , ( 2 . 6 ) 

and let 

Xe,p be the characteristic function of in S®. (2.7) 

Note that M.e = x where is defined by f|1.4l) . 

It is well known that, under conditions fll.21) . fll.5|) . 


'ip^{x, k) admits a holomorphic extension in k from to at fixed x (2.8) 


and 


f{k,l) admits a holomorphic extension in {k,l) from A4 e to He x He (2-9) 

with possible exponential increasing at infinity in complex domain. 

As a corollary, / on A4 e uniquely determines / on He X He, under assumptions (II.2p . 

(US]). 
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2.2 Faddeev functions 


We recall also that the Faddeev solutions ip{x, k) for (II.ip satisfy the following generalized 
Lipmann-Schwinger integral equation 


'ip^x.k) = + / G{x - y,k)v{y)'ip{y,k)dy, 

(2.10) 

JyeM? 

G{x, k) = g{x, 

(2.11) 

1 r 

9{x,k)- .2 / 

(2.12) 


where x G k G k'^ = E > 0; see e.g. [7], [19]. In addition, we consider (12.1 Op 

as an equation for ip = fc), where /i(-, k) G at fixed k. Note that equation 

fl2.1Up can be rewritten as 

/c) = 1 + / g{x - y,k)v{y)fi{y,k)dy, (2.13) 

where x G k G = £' > 0; see e.g. [T9] . 

Under assumptions (11.2p and, in particular, under assumptions (12.3p . equations (I2.10p . 

(I2.13P are uniquely solvable for /i(-, k) G L°°(M^) at fixed fc if /c G \^Ei where 

£e is the set of the Faddeev exceptional points on see e.g. [19]. 

Note also that, due to estimates (3.16)-(3.18) of [19], the following estimates hold for 
some constant Cq > 0 : 


\G^{x,\fE)\ < 

\g{x,k)\ < 

(2.14) 

(2.15) 

where (7+. a are defined in (12.ip. (12.lip, x G M^, k G C^\M^, k^ = E > Q. 

In addition, under assumptions (|2.3I1. as a corollarv of (I2.14p. (I2.15p. in 
to proposition 4.1 in [19], we have that 

a similar way 

1 d(fc)||2,oo(]R2)^£,oo(R2) < M(| n| Loo(£)), H, F^, p), 

fc G C^, = E > 0, S/c = p > 0, 

(2.16) 

= ^ if p > pi(|ln||L°=(D),-D,.F), .F > 0, 
where Aik^ is the linear inteeral ooerator of eouation (I2.13p. 

(2.17) 


(2.18) 
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(2.19) 


Pi = [max([cog/i(/l)]^ - E, 0)] , 

g>0, Ii{D) = max [ - -. 

Jd \x-y\y^ 

In addition to ifj, we consider also the generalized Faddeev scattering amplitude h{k, 1) 
defined by the formula 


h{k,l) 


1 


e ^^yv{y)'ijj{y,k)dy, 


( 2 . 20 ) 


where (kj) G x Eg; see e.g. jH], [IH]. Here we assume also that ^k = if 

(II.5p is not assumed. 

Note that, under assumption (12.3p . 


h is (complex-valued) real-analytic on XSeJ x 

h{k,-) is holomorphic on at fixed k. 


( 2 . 21 ) 


We say that a complex-valued function is real-analytic if its real and imaginary parts are 
real-analytic. 


2.3 (9-equation on the Faddeev eigenfunctions 

We recall that the following isomorphic relations are valid: 

Ss^C\0, S^^T = {A e C : |A| = 1}. (2.22) 

More precisely: 

k = (fci, fca) e Ee A = X{k) := e C\0, (2.23) 

V E 

k = (fci, ^ 2 ) G ^]/e ^ ^ 

A G C\0 ^ A: = k{X, S) G E^j, XeT^k = k{X) G (2.24) 

where 


k(X,E) = (ki(\,E),k2(X,E)), + fe=(i-A)^. (2.25) 


Note also that 


|»(A,B)l = ^(|A| + |A|-‘), |»(A,B)| = ^||A|-|A|-‘|, A € C\0, E >0. 


(2.26) 
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Let 


Lp^ui^) be the function space on C consisting of the functions u such that (2.27) 
e Lp{Vi) with the norm \\u\\lj,^^ = \\u\\lp{Vi) + \\uu\\lp{Vi), 

where p > 1, > 0, 

u,{X) := |A|-"n(A-i) , (2.28) 

Pi = {A e C : |A| < 1}. (2.29) 

It is known that the function -0 of subsection 12.21 has, in particular, the following 
properties, under assumptions fll.2D and, in particular, under assumptions fl2.3p : 

ij{x, k{X)) = + o(l)), if A ^ 0 or A ^ cx), (2.30) 

k(X)) = 

■i, f-lL ^WAMW), m e (se\S^) \£e, 

where x G M^, k{X) = k{X,E) is dehned by (I2.25h . 

b{k) ■= h{k,-k), (2.32) 

where h is dehned by fl2.20p : see e.g. [11], [T9] . 

Note that 9—equations like fl2.3ip go back to [1], [3]. 


2.4 Some estimates related with d—equation (12.3111 

In particular, as a corollary of (I2.30p . 

'^(a;, (fc(A))) 7 ^ 0 if |A| is sufficiently small or if |A| is sufficiently large 

In addition, under assumptions fl2.3p . as a corollary of (12.16p . we have 

\fxix,k{X))\<{l-M{q,D,E,p))-\ 

X e k{X) = k{X,E) e p > pi(g, P,P), |1 u||loc(e) < g, 

where M is dehned by f|2.18p . pi is dehned by fl2.19p . 

In connection with equation fl2.3ip we consider also 

ue,pW = =Xe,p(^(A))&(A;(A)), 

A 

where xe,p is dehned by (12.7p . 


(2.33) 

(2.34) 

(2.35) 


7 
































Under assumptions fl2.3p . we have: 


ue,p £ -^p,2(C), 2 < p < 4, 


(2.36) 


where p > pi(||n||L°°(z)), D, E)] 

\\ue,p\\lp ,2 < - M{q,D,E,p))-\ (2.37) 

\\ue,p\\lj ,,2 =0{q) as g ^ 0, (2.38) 

for hxed > 0, p > pi(g, D, E), D and p, where ||n||L°°(D) < q, M is dehned by fl2.18p . Ci 
is a positive constant, 2 < p < 4; 

I Ani 5 ,p(A) I < g(27r)-"(l - M(g, D, E, p))'^ [ dx, X E C, (2.39) 

J D 

where ||n||L°°(D) < q, M is dehned by fl2.18p . p > pi{\\v\\l!^(^e)i D^ E)] see formulas (4.4), 
(4.12), (4.18), (4.19) of jT9]. In connection with fl2.36p - fl2.38p we recall that Lp^ 2 (C) is 
dehned in fl2.27p . 

2.5 Final remarks 

We recall also that, under the assumptions fll.7p . f|2.3p . at hxed E, the scattering amplitude 
/ uniquely determines the Dirichlet-to-Neumann map <h and vice versa; see proposition 
4 in |T8] . 

In turn, ^{E) uniquely determines h on x Eg; see [T8] . 

Note also that / at hxed E uniquely determines h on x ^e via a 

two-dimensional analogue of the construction given in |20) . 

As a corollary, problems 11.11 IL^ of section 1 are reduced to problem 13. II of section 3. 


3 Global generalized Riemann-Hilbert problem 


Let 


A = Ae,p = <! a e C 


Ve 


|A| — |A| < p > , 77 > 0, p > 0, and (3.1) 


dA = BAe^p be the boundary of A in C with the standard orientation. 


Note that 

'^E,p ~ ^\Ae,p, 


where this isomorphism is given by formulas fl2.23p . fl2.24p . 


(3.2) 


























Let 


where 




-lnM;i(A,<^) + <^lnw2(A,<^) 


,1=1 2(<t-?7) 
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sgn(|A| - l)i 


■ f\Mv A 


A \X\vJ\ 


\dr]\, X,qEdA, 


- A 

Wi = - 3 ^, W2 = 


^-A 


- 


|A| 


-1 


|A| 


6 is the standard Heaviside step function. 
Remark 3.1. Note that 


I argM;i(A,?)| < TT, A,<^e9A, i = 1,2, 
and the logarithms in are well defined by the condition lA'lntCjl < vr. 
In particular, we have 


(3.3) 


(3.4) 


W G Lp{dA X 9A), p > 1, dA = OAe^p, E > D, p > 0. (3.5) 

Lemma 3.1. Let v satisfy ^2.3\) and let p > pi(||n||x,°o(ri), A^), where pi is the constant 

in lil.i?)) . Let be the eigenfunctions of subsections \2.1[ lil.il Then the following 

relation holds: 


fj{x,k{X)) = fj~^{x,k{X)) + f W{X,q)h{k{X),k{g))i!~''{x,k{g))dq, X E dA. (3.6) 

JdA 

where k{X) = k{X,E) is given by Ii2.25[) . hL(A,<^) = W{X,g,E) is given by (E3), h is 
defined by ^2.2Cf} and the integration is taken according to the standard orientation of the 
dA. 


Lemma [3. II is proved in section |6l 

Note that, under assumptions (12.31) . as a corollary of fl2.20p . (12.341) . we have 

\h{k{A),k{q))\<q{2TT)-‘^e^P^{l-M{q,D,E,p))-^ j dx, (3.7) 

J D 

X,g EdA = dAE,p, p > pi{q,D,E), ||n||L°o(D) < q, 


where M, pi are defined by (I2.18P , (I2.19P , 


L = max Ixl. (3.8) 

x&dD 


As a corollary of properties (12.8p . (I2.30p . (I2.3ip . (13.6p of the functions and if (and 
using (I2.36p . (l2.39p L we obtain the following proposition; 
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Proposition 3.1. Let v satisfy 112.!^} and let p > pi{\\v\\l°°{d)^L)^E)^ where pi is the 
constant in Let be the eigenfunctions of subsections lKTi 12.21 Then at fixed 

X 

1. k{X)) is holomorphic in X & A and is continuous m A G A U dA; 


2. k{X)) has the properties h2.S(l) . \2.S1\) for X G (C\0)\(Au9A) and is continuous 

in X & (C\0)\A; 


3. are related on dA via US. 6\} . 

Now we consider the following generalized inverse scattering problem for equation 

(naj. 

Problem 3.1. Given the Faddeev functions h on dAxdA and b on (C\0)\A, find potential 
V on D. 


The approach of the present work for solving problems ll.il [L^ and 13.ll is based on the 
reduction of problem 13.11 to the following generalized Riemann-Hilbert problem. 

Problem 3.2. Given functions h on dA x dA and b on (C\0)\A, find functions on 
A and ip on (C\0)\A satisfying the properties of the items 1,2,3 of proposition 1X71 

Note that in problems 13.1113.21 we consider h, b and ip as 


h = h{X, C, E) = h{k{X), k{C)), X, C G aA, (3.9) 

ip~^ = ip~^{x, X, E) = ip~^{x,k{X)), A G A, (3.10) 

Ip = ip{x, X, E) = ip{x,k{X)), b = b{X, E) = b{k{X)), A G (C\0)\A, (3.11) 

where k{X) = k{X,E) is dehned by (I2.25|) . A = Ae^p, dA = dAE^p are dehned in f|3.1l) . h 
is dehned by fl2.20p and b is dehned by fl2.32|) . 

In addition, if ip is the function of subsections 12.21 12.31 12.41 then it determines the 
potential easily. Indeed, due to (II.Ih . (I2.33h . we have 


ip{x,k{X)) 

if |A| is sufficiently small or if |A| is sufficiently large. 


(3.12) 


Prototypes of problems 13.11 for the case of equation fll.ll] with < 0 were consid¬ 

ered in section 8 of |19) . 

Generalized Riemann-Hilbert problems like problem 13.21 go back to [15] and to |9], 

HZj. HB. 

We say that problem 13.21 is a generalized Riemann-Hilbert-Manakov problem. 

We say that the results of lemma 13.11 and proposition 13.11 are global and that the 
related problem 13.21 is global, since these results and problem are formulated for general v 
satisfying fl2.3p and, in particular, without the assumption that Se = 0, where Se is the 
set of Faddeev exceptional points at hxed E. 

The reduction of problem 13.11 to problem 13.21 follows from proposition 13.11 and, for 
example, from formula fl3.12p . 
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4 

Integral equations for solving problem 3.2 


4.1 

Formulas and equations 


Let 

^+(A) := X,E), A G A, 

(4.1) 


XX) := \E), A e C\A, 

(4.2) 


r{x,X,E) = e4-MA)+fc(-i/A))xSgn(|A22 - ^ 

(4.3) 


e-2®^(^)"n(A), A e C\0, 



Rix, X, C, E) = e^iHO-kWAwiX, C, E)h{X, C,E), X,Ce dA, 

(4.4) 


where '0"'", "0 and h = h(A, <^, E) = h(/c(A), fc(?)), b = 6(A, E) = 6(/c(A)) are the functions of 
Problem 13.21 x(A) = XE,p{k{\)) is defined via fl2.7p . u{\) = UE,p{\) is dehned via fl2.35p . 
k{\) = fc(A, E) is dehned by (12.251) . W is given by (13.31) . A = Ae,p is dehned by (13.11) . 

Let 

e{X) = e{x,X,E), Xj{XX) = Xj{x, XX, E), j = 1,2, X,CeC, (4.5) 
be dehned as the solutions of the following linear integral equations: 

e(A) = l- - / r{x,C,E)eX)—^ -—, (4.6) 

TT Ac C - A 

AVA.C) + - X(.,,,E)XXri,0^^ = (4.7) 

X2(\() + l[r(x,ri,E)X^}^^Xr^ r(r^ \V 

TV Jc rj-X 2z(C - A) 

In addition, we consider also 

f2i(A, 0 := Xi(A, C) + iX^iX, C), f22(A, 0 := Xi(A, C) - *X2(A, C), A, C e C. (4.9) 

Note that if (I2.36p is fulhlled, then equation (14.61) for e(-) and equations (14.7p . (14.Sp 

for XX,Q, j = 1,2, are uniquely solvable in Lg^i^C), p/{p — 1) < q < 2, where Lp^^, is 
dehned in (I2.27p . In addition; 


e(-) G C(C U cx)), e(cx)) = 1, 

(4.10) 

|e(A) 

- 1| < C 2 (ro,p), 


S2i(A,C)-^ 


(4.11) 

I^2(A,C)| < C2(’^0,P)2|^_^|2/p’ 

(4.12) 
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where 


ro = \\r{x,-,E)\\L lim C 2 (ro,p) = 0. 

ro^O 


(4.13) 


Note that tq is independent of x G 

In connection with the functions e, Xi, X 2 , hli, VL 2 and related results we refer to chapter 
3 of |26) and to section 6 of |19) . 

We define 

A G A U 9A, 

V^(A), A G (C\0)\A, 


V.'(A) = 


(4.14) 


where are the functions of problem 13.21 In addition, we consider where 


^'(A) = e*^(^)^/i'(A) = 


/i+(A), A G A U cIA, 
/i(A), A G (C\0)\A. 


(4.15) 


Theorem 4.1. Let the data h and b of problem \3.^ satisfy the following conditions: 


ue,p e Ap,2(C), 2 < p < 4, (4.16) 

h{-,-,E) eC{dAx dA), (4.17) 

where ue,p is defined by 112.33) . W is defined by LS.3\) . dA = OAe^p is defined in LS. 1\) . 
p > 0. Let ip' he a solution of problem 1,9.M Then for p' defined by fi4.15\ ) the following 
formula holds: 

n'{>.)=e(X) + f-. f !1i(A.C)A'(C)<1C-t^ / A e C\8A, (4.18) 

where the integration is taken according to the standard orientation of dA, 

K{X) := fi+{X) - fi{X), XedA. (4.19) 

In addition, this K = K{x, A, E) satisfies the following linear integral eguation 

K{X) + J^,^R{x,X,X:E)(e{X')+ 

24i/8AS2i(A'(l -0(|A'| - l)),C)A'(C)<iC- 2s/M!l2(A'.C)A'(C)<iC) dX = 0. A e 8A, 

(4.20) 

where R is defined by 63, Ill, 112 o.re defined by lEf and the integrations are taken 
according to the standard orientation of dA. 

Note also that 

[ n,{X'{l - 0(|A'| - 1)), OKiOdC = (4.21) 

JdA 

hm / n,{X’{l-e{\X'\-l))X)K{OdC, X'e dA. 
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Formula fl4.18p is similar to formula (6.7) of [19]. Equation fl4.20p is similar to equation 
(6.11) of [I9]. 

Theorem 14.11 is proved in section [71 
Consider 


7li(A,C) = 7li(a;,A,C,E) = 


I{X) = I{x,X,E) = 
1 


IdA 


R{x, A, A', E)e{X’)dX’, X e dA, (4.22) 


27ri 


dA 

-1 


R{x, A, A', E)Qi{X'{l - 0(|A'| - 1)), QdX', (4.23) 


Al 2 (A, C) = A2{x, X,C,E) = — / R{x, A, A', E)fl 2 (A', C)dX', A, C e dA, 


2'Ki 


IdA 


where R, e, fli, 112 are the functions of fl4.4p . 


Proposition 4.1. Let the assumptions of theorem f.l he fulfilled and K be the function 
of ^.19^ , Ili4.20i ). Then K, K satisfy the following system of linear integral eguations 

K{X)+ [ AfiX,C)K{C)dC+ [ A2iX,C)lmdC = IiX), XedA, (4.24) 


IdA 


IdA 


K{X)+ A2{X,C)K{C)dC+ AfiX,C) K{C)dC = IiX), XedA, 


IdA 


IdA 


where I,Ai,A 2 are defined by 7n addition, 

I e L 2 {dA), Aj G L 2 {dA x dA), j = 1,2, 
ll^ilU 2 0 for \\h\\c -t 0, ro < rgxed, j = 1,2, 

where |x| < c for fixed c> 0, ro is defined in /Ii4-13\ ) 

Proposition 14.11 is proved in section 6. 


(4.25) 


(4.26) 

(4.27) 


4.2 Analysis of equations 

Due to estimates (I4.26p . the system (I4.24p . (14.251) can be considered as a Fredholm linear 
integral equation of the second type for the vector-function (K,K) G L 2 {dA,Ef) with 
parameters x G and E > 0. 

The modified Fredholm determinant detA for system f|4.24D . fl4.25D can be defined by 
means of the formula; 

In detA = Tr(ln(Id + A) - A), (4.28) 

where system (I4.24p . (I4.25p is written as 

(Id + A)(^h') = (^L'). (4.29) 

For the precise definition of detA, see |inj . 

In addition, we have the following lemmas: 
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Lemma 4.1. Let v satisfy 112.3\} for fixed D and A = Ae,p be defined by US. 1\} for fixed E 
and p. Let Ai, A 2 ,/ correspond to v according to formulas h2.2(A) . Ii2.32\) . 

L3. .9I) . liS. 1 1\) . ^.3 ), U-fD , U-23\ )- Let |x| < c for fixed c > 0. Then: 

||^illL 2 (aAxaA) —^ 0, ||/||L 2 (gA) —)■ 0, /or ||v||aoo(£)) —)■ 0, j = 1, 2; (4.30) 


system U.24\ ), U-25\ ) for {K,K) G L2(9A,C^) is uniquely solvable by the method of 
successive approximations when ||r||i,oo(_D) is sufficiently small (for fixed D,E,p and c). 

Actually, lemma 04] follows from estimates fl2.38p . fl3.7p . fl4.10p - fl4.12p . fl4.27p . 

Lemma 4.2. Let v satisfy 112.3\} for fixed D and A = Ae,p be defined by I?, il) for fixed 
E and p, where p > pi{q, D, E), ||u||l°o(£)) < g, pi is defined by ^2.19\) . Let Ai,A 2 ,/ 
correspond to sv according to formulas ^2.1(M - ^.13\) . H2.2(^) . H2.3^) . H3. g)) . H3.11\) . |(/.3D , 
( [/./[ ), fi4-22^ , ( (/.^3| ) (with sv in place ofv), where s g] — Si,Si[, where Si = q/\\v\\L^(^j:,). 
And let detA = detA(x,s), x G M^,s g] — si,si[, be the modified Fredholm determinant of 
the related system ((/..g5|) (where detA depends also on v,E and p). Then: 


detA(x, 0) = 1, X G 


(4.31) 


detA G C(M^x] — Si, si[, C), (4.32) 

detA(x, •) is real-analytic on ] — Si, Si[ for fixed x G M^. (4.33) 

Lemma [ 4.21 is proved in section 01 

Using lemma 072) we obtain, in particular, the following result: 


Proposition 4.2. Let A = Ae^p be defined by (3.1) for fixed E and p, where p > 
pi{q, D, E), Pi is defined by ^2.19(> . D is a fixed open bounded domain in q is a 
fixed positive number. Then for almost each v satisfying Ii2.3\} with ||n||Aoo(-£,) < q the sys¬ 
tem Ii4.24\ ), li4-25\ ) corresponding to v (according to formulas H2.20\) . h2.32\) . h3. 9\) . H3.ll]) . 
(07^, d/./D , Ii4.22\ ), Ii4.23\ )) is uniquely solvable for almost each a; G R^. 


Remark 4.1. lUe understand the statement of proposition ffiz] in the sense that if v 
satisfies H2.3\) and ||n||L°op) = qi for fixed qi, where 0 < gi < g, then for almost each 
s g] — Si,Si[, where Si = g/gi, the system ^.24\ ), U-25\ ) corresponding to sv is uniquely 
solvable for almost each x G R^. 


Remark 4.2. If the assumptions of proposition \4E^ are fulfilled, ||n||L°°(D) < Q, ond system 
U-25\ ) corresponds to v, then, as a corollary of \4-32fj , the set of x, where the 
system is uniquely solvable, is an open set in R^. 

Proposition 14.21 is proved in section 0] 
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5 Applications to the Novikov-Veselov equation 

In this section we suppose that v and p satisfy the assumptions of lemma 02] for fixed D, 
E and q. 

We define 


= fs{k,l)e-xp[2it{kl-?,kikl-ll + 2,lill)], {k,l) e Me, (5.1) 
hs{k, I, t) = hs{k, 1) exp[2it{kl — Skikl — if + 3 / 1 / 2 )], (^, 0 ^ d^E^p x dT^E^p, 

bs{k,t) = bs{k) exp[2it{kl + k\ — Skik^ — Skik^)], k G 'Ee,p, 

where / G M, s g] — Si, Si[, Si is defined as in lemma 0721 and fs, hg, bg are defined according 
to fl2.1D . fl2.2p . fl2.10p - fl2.13p . fl2.20p . fl2.32p with sv in place of n. In addition: 

hs{k{X), k{q),t) = hg{k{X), k{q)) exp[iE^^‘^t{X^ + X~^ - - <t“^)] (5.2) 

=: hg^t{X,<^,E), (A,<^) edAx dA, 

bg{k{X),t) = bs{k{X)) exp[itE^^‘^{X^ -|- -|- A ^ A ^)] 

=: bg,t{X,E), Ag(C\0)\A, 

where f G M, s g] — si, si[, k{X) = k{X, E) is defined by fl2.25p . A = A(i7, p) is defined by 
(2.31). 

We consider problem 13.21 of section |3] with h = hg^t, b = bg^t, A® in section 

14.11 we consider the reduction of this generalized Riemann-Hilbert-Manakov problem to 
formulas fl4.14p . fl4.15p . fl4.18p . fl4.19p and the system of equations fl4.24p . fl4.25p . where 
P Ps,ti ® ^s,t, klj Vtjgi^j 1,2, K Kg iy I A,t, Aj Aj g i^j 1,2. In 

addition, as in section 14721 we consider det A{x, s, t) for the aforementioned system (14.2411 . 
(025]). 

We expect that using ideas of [12], [T3] . m, |19j and of the present work one can 
obtain the following result: 

Suppose that det A(x, s, f) 7 ^ 0 for x G A/, t G T at fixed s g] — Si, Si[, where X is an 
open domain in T is an open interval in M, 0 G T, Si is defined in lemma 021 Then 
there is a real valued Vs{-,t) such that: 

Xs(-,0) = sx, (5.3) 

where sv is the potential of lemma 14.21 

- + Vg{x, -A^'ipg^t + Vg{x, t)i)g^t = E'lpg^t, (x, t) e X xT, (5.4) 

where X), A G A, and 'ipg^t = '^s,t{,x,X)^ X G (C\0)\A, solve the aforemen¬ 

tioned problem 13.21 

V = Vs{x,t) solves the Novikov-Veselov equation fll.9p in X x T with appropriate 
w = Wg{x,t) (and satisfies (5.3) on X). 

These studies will be given in detail elsewhere. 
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Note that, actually, the zeroes of det A(a;, s, t) describe the blow-up points of the 
potential Us(x, t). 

It remains to note that in similar way to proposition 14.21 and remarks 14.1114.21 for 
almost each s g] — si, si[, we have that det A{x, s, f) 7 ^ 0 for almost each {x, f) G x M; 
and the nonzero set of detA is open. 


6 


Proof of lemma 


KT 


6.1 Lemma for Green functions 


Let 


z = xi + 1 x 2 -, z = x\— 1 x 2 for X 
Lemma 6.1. The following formula holds: 


{xi,X2) G 'Mf. 


( 6 . 1 ) 


G(x,A^(A))-G+(x,7b) = -4_ f A.ceSA, (6.2) 

JdA 

where G, are defined in ^2.11\) . 112.1\} . W is defined by k{X) = k{X, E) is defined 

in 112. 2, 5\} . A = Ae,p is defined in IlS.l]} . 

Proof of lemma 16. il We recall that 


AG(2,fc(A)) = 2idkL21e«(-iA)«_ Ae(C\0)\r, (6.3) 

oX dvr A 

AG(z,MA)) = ^^hkl!^e“A)-, Ae(C\0)\r, (6.4) 

where G is defined by fl2.1ip . fl2.12p . k{X) = k{X, E) is defined by fl2.25p . T is defined by 
( 12 :^ : see |l9]. 

Note that 


k{—l/X)x = 


2 


{Xz z/X\ 


k{X)x 


2 


{Xz + z/X). 


(6.5) 


Using the Cauchy formula for fx ^nd fx have 


gifc(A)x ^ J_ f ^ ^iy/E/2Xz+z/^) dg 

27ri JoA^ - A ’ 

Due to (16.3p . (16.4p and (16.6p . (16.7p we have 


( 6 . 6 ) 

(6.7) 
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AG(x,A.(A))=sg,i(|Ap-l)^ / 1 , A€A, |A| 1, (6.8) 

oX /tt* 47r<^ <^ - A 

AG(..MA))=sgn(|Ar^-l)^/^^^e-~'«^, A . A. |A| / 1. (6,9) 

Formulas fl6.8p . fl6.9p remain also valid with G{x, k{X)) replaced in the left hand side by 
G{x, k{X)) — G~^{x, VE), where G+ is dehned in (12.ip . 

Integrating the differential equation for G — G~^ we obtain 


G{x, k{\)) - G^{x, Ve) = u{z, A) + \g{x, fc(Ao)) - G^{x, Ve) - u{z, Ao)j , 
for Ao = Ao(A), A G A fi Pi, or for Ao(A), A G A fi (C\Pi), 

where Pi is dehned by fl2.29p . Aq = Ao(A) = 1^(1 + 0(|Ap — 1)), 


( 6 . 10 ) 


u{z, A) = 


sgn(|Ap - 1) 
27ri 


IdA 4vr<^ 


( 6 . 11 ) 


- ])_ f _]_^iVE/2(<;z+z/,) ^ ^ 

27ri JgA 47r<^ 


where notation 1 + 0(|Ap — 1) is like in fl4.2ip . In the last expression logarithm is chosen 
such that |$51n(-)| < vr. 

We change the variable ? —)■ —1/? in the hrst integral on the right and obtain the 
formula 


u{z, A) 


Sgn(|Ap- 1) r ^i^/ 2 (,z+z/<;) 
SttH Jq^ 


1 


ln(<^ - A) + <^ln 



d<^, 


A G A\T. 
( 6 . 12 ) 


In the last expression logarithm is chosen such that |Q'ln(-)| < vr. 

We choose Aq as Aq = |^(1 ± 0) since the limiting values of G — G^ on the unit circle 
T are given by (see m section 3]); 


G{x,k{Xo))-G^{x,y/E) = 


m 


(2ir) 


IT 


A 


A |Ak 


.:^Gi^z+zi<;)g sgndAp - l)i f ^ ^ ) |d<^|, 

_ (6.13) 

where 9 is the Heaviside step function. Using the Cauchy formula for e*UE/ 2 (? 2 :+ 2 /<;) 
(I6.13p . we can rewrite (I6.13p as follows: 


G{x, Ao) -G+(x,\/P) = 


gi\4B/2(?2+2/?)^j_\ 


Stt^ 


hisT VAaA — U 


sgn(|A| - l)i 


YIAki A 


A |Aki 


y 

\dq: 


(6.14) 
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In order to complete the proof of lemma [hTTl it remains only to put fl6.14p . fl6.12p into 

dnio]). 

In addition, to justify remark IdTTl we need to prove (13.4p . Assume that belongs to 
the part |<^| = C of OK = OAe^p where 

C = p/y/E + ^J{p/^/Ey + l. 

Since the point A belongs to the disk |<^| < C* and the point Aq is strictly inside of the disk, 
the angle a between vectors —A and ? —Aq is strictly less then vr. Thus | argtcil = |a| < tt 
in this case. If belongs to the part \q\ = 1/C oi the boundary of cIA, then points A and 
Aq belong to the part of the ray (emitted from A = 0) through the point A. This part 
belongs to the region |<^| > 1/C, and | argtcil = |a| < 7r/2 in this case. After the estimate 
(13.4p for Wi is proved, the estimate for W 2 becomes obvious if we replace —1/<^ by 

□ 


6.2 Final part of proof of lemma [3.1 

Let 

V’o = V’o(x, k{X)) = A G (C\0)\T, (6.15) 

where k{\) = k{X, E) is defined by (I2.25p . T is defined by (12.221) . 

We will denote by C^{-\fE),C{k) the convolution operators with kernels C^,C of 
(12.lip . (12.11) . and we will denote by C^{-\fE)v,C(k)v the operators of multiplication by 
the potential v followed by convolution C^{\fE) or C(k), respectively. Then, under the 
assumptions of lemma 13.11 equations (12.ip . (I2.10p can be considered as linear integral 
equations for k),‘i/{-, k) G L°°{D), and can be rewritten as follows: 

ip{-,k) = {I - C{k)v)~^^l)o{■,k), (6.16) 

for fixed k G 'Ee\'^e,p^ where / is the identity operator. 

Thus 

^+(., k) = {I- C^{Ve)v)-\I - C{k)v)iP{-, k), (6.17) 

V>(-, k) = {I- G+(V^)n)-'(/ - C+{Ve)v)'i/{; k), ke T.e\^e,p. 

Therefore, 

k) - V^+(-, k) = {I- C+{^)v)-\C{k) - C+{^fE))v^P{-, k) ke Ee\^e,p. (6.18) 

We take C—C~^ from Lemma [6T] and use there that 'ipo^x—y, k{X)) = A;(A))V'o(—2/, ^('^))- 

This leads to 

(G(MA))-G+(x/B))t.i/>(',MA)) 

= / / ^(^A)V’o(a:, A;(?))V’o(-2/,fc(<^))c??^^(2/)V'(2/,/i;(A))d2/ 

(27r)^ JE JdA 

= [ W(A,<^)V’o(a:,A:(<^))h(A:(<^),fc(A))d<^, A G M, 

JdA 
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where we used also fl2.20p . 

We plug the last relation in (I6.18p . It remains to note (see fl6.16p l that 

(/ - G+(\/Eu))-Vo(-, H^)) = k{q)). 

□ 


7 Proofs of Theorem 14.11 and Proposition 14.1 


7.1 Proof of Theorem 14.1 

Let 


/i'(A)=/z'(A)-e(A), (7.1) 

/i([(A) = /x+(A) - e(A), /io(A) = /i(A) - e(A), 

where jj!, , fi are the functions of fld.lSp . e(-) is the function of fl4.6p . 

From formulas fl4.3p . fl4.6p and from items 1 and 2 of proposition 13.11 it follows, in 
particular, that 

^e(A)=rU,A,B)iCO. A e C. (7.2) 

oX 

= AeC\8A, (7.3) 

oX 

/ro(A) —^ 0 as A —y oo. 

Proceeding from fl7.3p and using the generalized Cauchy formula for /Iq (see formula (10.6) 
of chapter 3 of |26]) one can obtain 

\ec\aA, ( 7 . 4 ) 

JdA JdA 

where 

A G 9A. (7.5) 

In addition, from fl4.19p . fl7.ip and fl7.5p it follows that 

Ko(X) = K(X), X e dA. (7.6) 

Formulas fl7.ip . fl7.4D . fl7.6p imply formula fl4.18p . 

Finally, equation fl4.20D follows from the substitution of fl4.18p into fl3.6p using formulas 
fl4.4p . (14.151) . fl4.19p . estimates fl4.10p - fl4.12p and the jump properties of the Cauchy 
integral. 

This completes the scheme of proof of theorem 14.11 
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7.2 Proof of Proposition 14.11 


Equation (14.24^ follows from equation (14.20^ and formulas (I4.22p . fl4.23p . Equation (I4.25p 
follows from (14.241) . 

Estimates (I4.26j) . (I4.27j) follow from formulas (14. 3 j) . (14.4p . (I4.22p . (I4.23h . estimates 
(13.5p . (14.1 op - (I4.13p . (I4.16p . (I4.17P and the estimate 

||^?M||Lp(aA) < const(p,9A)||M||Lp(aA), 1 <p <oo, (7.7) 


where 

(f2?u)(A) 

M is a test function on dA. 


1 f u{‘;)dc; 

^ <^-A(l-0(|A|-l))’ 


A e dA, 


(7.8) 

□ 


8 Proofs of lemma 14.21 and proposition 14.2 


8.1 Proof of lemma 14.2 

Property (I4.3ip follows from (I4.28p . (I4.30p . 

Property (I4.32p follows from continuous dependence of Ai, A 2 with respect to a: G 
|a:| < c, at hxed s g] — si,si[ and continuous dependence of Ai,A 2 with respect to 
s g] — Si, Si[ uniformly in x G |x| < c, in the sense of || ■ ||l2 (9 Ax9 A), for fixed c > 0. 

In turn, these continuities of Ai, A 2 in x and in s follow from formulas (14.lip . (I4.12p . 
(I4.23P and the following results: 

(i) h|aAx 9 A depends continuously on s g] — si,si[ in the sense of || • ||c(aAxaA), 

(ii) ue,p depends continuously on s g] — si,si[ in the sense of || • ||lp 2 (C), 2 < p < 4, 
where h = h{k{\), k{c;)), ue,p correspond to sv according to (I2.inp - (l2.13p . (I2.2np . (I2.25p . 
(1132]), dlSSj); 

(iii) The following estimates hold: 


g-2iSRfc(A)a; _ g-2iSRfc(A)x' 


< Const-(\/E'(|A| + |A| ^)|x—x'|)“, A G C\0, x,x' G 0 < a < 1, 


^i{k{<;)-k{\))x _ ^i(k{<;)-k(\))x' 


< 2(E + 2p2)V2g2pma^(|x|,|x'|)|^_^/|^ A G ^A, X, x'G 


(iv) If M G Lp^2(C),2 < p < 4, then (|A| + |A“^|)“m(A) G Lp'^ 2 (C) (as a function of A), 
2 < p' < p{l + ap/2)~^, where 0 < a < (p — 2)/p; 

(v) The map (defined via (|4.6|P 


r G Lp,2(C) ^ e(-) G C'(C) 
is continuous and the maps (defined via (14.71) . (|4.8p ) 

r € -hp^2(C) —)■ Xj G C'(C^\Ce), j = 1,2, 
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Q = {(A,<^)gC2 : |A-<^|<4, 

are continuous for anv ^ > 0. where LpofCi is considered with the norm of fl2.27p , 2 < 
p < 4, and C'(C), C'(C^\C£) are considered with the uniform norms. 

In order to prove f|4.33p we consider sv, where s G C, and we consider hg = hs{k{X), 

A,<^ G dA, and bg = bg{k{X)),\ G (C\0)\A, where hs,bs correspond to sv according to 
fl2.10D - fl2.13p . fl2.20p . fl2.25D . fl2.32p (with sv in place of v). Proceeding from these formulas 
and equations and from fl2.16p . fl2.17p . (13.2p . one can show that there is an open neigh¬ 
bourhood Af of the real interval ] — si, si[ in C (where Af depends on D, |ln||L°°(D), E, p, q) 
such that 

TV" = A/", i.e. Af is symmetric with respect to R, ( 8 - 1 ) 


hg{-, •, E) G C{dA X 9A), ue,p,s e Lp^2{C), 2 < p < 4, 
with holomorphic dependence on s G Af, 


( 8 . 2 ) 


where ue,p,s is defined by fl2.35p with bg in place of b. 

Next, we consider e*, Xi 5 , defined via fl4.6p . fl4.7p . fl4.8p . fl4.9p with Vg in 

place of r, where Vg is defined by (14. 3 p with bg in place of b, where s g] — si, si[. And we 
consider Al^g^a^ J = 1 ) 2 , defined via the following systems of equations: 


e:.(A) = 1 

= 1 


1 

71 

1 

TT 


rg{x,C,E)e,JC) 


d^CdAC 


rw{x,C,E)el^{C) 


d^(dA( 

C-A 


(8.3) 


C) 3— 

’ 71 

X7,.J\0 + - 

71 


rg{x,r],E)X^^^^^{r],C) 


r^(a:,p,E)Xi+^^(p,0 


d^(d^( 
rj — X 
d^CdAC 
rj — X 


1 

2(^’ 

1 

2(C-A)’ 


(8.4) 


-^2ts,a(A,C) + - / rg{x,p,E)X^^^^^{p,C,) 
TT Jr 


^2,s,a{^X) + - / r^{x,p,E)Xlg^^^{p,C,) 

'x Jc 


d^Cd^C _ 1 

p — X 2i{( — A) ’ 
d^(dA( —1 


(8.5) 


p — X 2i{( — A) 

where s, a G Af, Vg is defined by (14.31) with bg in place of b. In addition, we consider also 

ni,„(A,C) - X*,JX,C)+iXl,JX,0, n 2 ,„(A,C) - Vp..(A,C)-iV 2 y,(A,C), (8.6) 


where A, C G C, s, a G Af. 

Let 

S ;= {(s, a) e Af X Af : a = s g] — Si, Si[ } 


(8.7) 
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Using considerations of section 9 of chapter 3 of |26], one can show that systems fl8.3p . 
fl8.4p . fl8.5p for = 1,2, for (s, a) G S, are reduced to the equations for e^, 

Xj^s,j = 1, 2, s g] — si, si[, are uniquely solvable in Lq(C),p/( p — 1) < g < 2, where p is 
the number (18.2p . In addition: 


e. = e 


S,S5 


e.. = e 


S,s5 




= 


Y _ Y~ 

hs ^j,s,si 




( 8 , 8 ) 


where j = 1, 2, s g] — Si, si[. 

Using the dehnition of and holoniorphic dependence of ue,p,s on s G AA in fl8.2p one 
can show that 


rs{x,-,E) e Lp^ 2 {C), r^{x,-,E) e Lp^ 2 {C), 2 < p < 4, 

with holomorphic dependence on s, a G AA, 


(8.9) 


for fixed x G E > 0. 

Proceeding from these results and from properties of the integral operators in (18.3p 
- (I8.5p (presented in [26]), one can show that there is an open neighbourhood Sx of S in 
AA X AA (where Sx depends also on v, E, p) such that: 

systems fl8.3p . fl8.4p . fl8.5p for J — 1,2, are uniqely solvable in Lq o(C), (8.10) 

p/(p - 1) < g < 2, for (s, a) G 


G C(C), e C(C^\Q), j = 1,2, for any e > 0, 

with holomorphic dependence on (s, a) G Sx, 

where is defined in item (v) in the proof of property (14.321) : 

1 


f^l,S,(T(A, C) — 


C-A 


^cs{s,a,p) ^ C3(s,ct,p) 

< TT-TTTr^, pi2,s,o-lX, (,J| < 


IC-AI'V!.' 


|C-A|2/f’ 


( 8 , 11 ) 


( 8 . 12 ) 


where C3 depends continuously on (s, a) G Sx and depends also on v. 

Let 

AA, := {s G AA : (s, s) G 5^; }, x E (8.13) 

One can see that AA, is an open neighbourhood of the real interval ] — si, si[ in C. 

We consider 


Ai,,(A, 0 = Ai,,(a;, XX,E) = — R,{x, A, A', iA)Oi,,,,(A'(l- 0(|A'| - 1)), C)dA',(8.14) 


27ri 


IdA 


A2,s{^,C) — ^2,s{x, X,C, E) — -—: / Rs{x, X, X', E)Q,2 ,s,s{^',C) dX', X,(EdA, 


2ni 


'dA 


where Rg is defined by (14.41) with hg in place of h, At 2 ^g^a are the functions of 

(ISTTl) . dSin]), A, C e 9A, s G Mx- 
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We consider also 


Aj^s ■= Aj^s, j = 1,2, s e (8.15) 

Using (18. 2 p for hg and fl8.1ip . (18.12p for Qj^s,s,j = 1,2, we obtain 

Aj^s e L2{dA X dA), j = 1,2, (8.16) 

with holoniorphic dependence on s G A4- 

Using (I8.15p . (I8.16P we also obtain 

Aj^s G L2{dA X dA), j = 1,2, (8.17) 

with holoniorphic dependence on s G 7V^. 

We consider A{x, s), where s G Mx H 7^, defined nsing (8.14), (8.15) in a similar way 
with A[x,s) for s g] — si,si[, bnt with Aj^g in place of y4(a;, s). Finally, we consider 
det A{x, s) for s G A4 n 7^. 

Using (18. 8 p for (I8.16p . (I8.17p . we obtain that 

det A{x, s) is holomorphic in s G A4 n for fixed x G M^. (8.18) 

Property (I8.18P implies property (I4.33p . □ 

8.2 Proof of proposition 14.21 

Let V be as in remark 144] and let det4(a;, s) be defined like in lemma W?2\. 

Let 

Z := {(x, s) G M^x] — Si, Si[ : det 4(a;, s) = 0 }, (8.19) 

Zx := {s g] — Si, Si[ : det A{x, s) = 0 }, x E M^, 

Zg := {x G : det A(x, s) = 0 }, s g] — Si, Si[. 


Using (I4.3ip . (I4.33p . we obtain that Zx is a discrete set (maybe empty) withont interior 
accnmnlation points in interval ] — si,si[. Therefore, we have, in particnlar, that 

Meas Z = 0 in M^x] — si,si[. (8.20) 

As a corollary, 

Meas Zs = 0 in for almost each s g] — si, si[. (8-21) 

Property (I8.2ip implies the resnlt of proposition 14.21 interpreted according to remark 

HU □ 

Acknowledgments. E.L. is gratefnl to U. Kahler, A.Slnnyaev, A. Gelash, S.Tnritsyn 
for nsefnl discnssions. 
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